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Our work: Extension to nonlinear problems

M. Lubasch, J. Joo, P. Moinier, M. Kiffner &
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The QNPU Quantum Network for cost function C Qﬂ)

10)

10)

N qubit registers

10)

0 Prepare a variational state (o« n)
6 Measure cost function via ancilla qubit

M. Lubasch, J. Joo, P. Moinier, M. Kiffner & DJ, Phys. Rev. A101, NPU - eval H Fiction (o 1
010301(R) (2020). €) QNPU - evaluate the cost function (« 1)
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Tensor networks as a quantum programming paradigm &ED

Variational quantum algorithms for
computational fluid dynamics,
D Jaksch, P Givi, AJ Daley, T Rung
AlAA journal 61, 1885 (2023)

Matriz Product State / PERPS A /L
Tensor Train % 5 § ; ‘

Tree Tensor Metwork / - 4 .
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m Roger Penrose, "Applications of negative
ENE N NEP-N dimensional tensors," in Combinatorial
Mathematics and its Applications,
Academic Press (1971)




© Amplitude encoding of discrete functions QE[)

fG) Quantum superposition
Oooo fi
%% oo W)=Y fild
= il
ooooooooo i
AR RERE RN RN RN RN R ] - n-qubit register stores 2™ function values f;
0 N=2"-1 j

Map j — j = binary(j) for n = 8:

j=0-7=00000000 j=1- 7=00000001 j=2-7=00000010 .. j=255-7=11111111
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The edge of chaos QE[)

Width b

Depthd -
» The Lieb-Robinson bound gives the speed at which effects of gate parameters spread across the system
* When cones overlap the system becomes overdetermined and early gates identical to random circuit
T. Hashizume, et al., Variational Quantum Computing at the edge of chaos, in preparation.




Tripartite Mutual Information Q/
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A quantum Nyquist-Shannon theorem

QD)

We consider an amplitude encoded sin function in n qubits with x € [0,1) and k = 2rt/A

)= ) sin(ex)lo ()

i

We rewrite this using a tensor train decomposition

Uy) :ZZM(““)M,,?)I...M(“” 2 | o)

With tensors

k
Il»ﬁg) (sin g5 COS o), I\Im =0 1) M= (C%E> ﬂf(l} = (1 0)
0 SIN 5
2

270 _ (COS(Q{’Q) —sin(zfq)) A7 _ (l [l)

Fa—1,Rq SiN(g7=g) COS(gw=7) Fa—1:fq 0 1

In the limit n - oo we work out the reduced density operator of the g-th qubit




A quantum Nyquist-Shannon theorem

« We obtain for the reduced density operator

p=Jim >0 MG M ML) (M)
K.k oFo,

2k—sec(27 9 1k) sin((2+42~ 9" 1)k)+tan 2-9" 1k 2k cos 2797 p— —=n2k
_ 4k—125in 2k (4k—2 sin 2k)
2k cos 2717 k- SR 2k—sec(2-9" k) sin((2—2~9"1)k)—tan 29" 1k
(4k—2sin 2k) Ak—2sin 2k

« This density operator converges to

(}lrgo pq = [H)g(+l

« exponentially with g for g > q.(41) with
T
2:(D) = log, (3)

« Aqubit state |+),(+]| corresponds to linear interpolation and hence only q. qubits are required in the TT.




Example: The Weierstrass function
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Trainability and Tripartite Mutual Information
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0O Modified Variational Quantum Algorithm
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Termanova, et al.,
Tensor quantum
programming, New J.
Phys. 26, 123019
(2024).

P. Siegl et al., Tensor-
Programmable
Quantum Circuits for
Solving Differential
Equations,
arXiv:2502.04425.




0O Optimizing for a nonlinear term in PDEs
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P. Siegl et al., Tensor-Programmable Quantum Circuits for Solving Differential Equations, arXiv:2502.04425.




Example: Incompressible Flow




Incompressible Navier-Stokes equation

* We solve the 2D and 3D equations
for simple fluid flows

-

W (V)P = Vp + — V25
g VIV TNP TR VP

V-v=0

2D - weather forecast

« 3D - aerodynamics, combustion
physics, ...




Kolmogorov microscale and Reynolds number

» A simulation of fluid flow needs to cover a wide

|--_, 1 ‘- [ 1
range of length scales X B RN / o . =
_g 103 Insects ' MAVs :Large Birds: Cessna I 3
° H H H T I I 1 | o
L the size of the largest eddies in the flow p | : : e “smooth” | ©
. = ! ! LT Conventional| <
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» Here v is the speed of the flow and v the
kKinematic viscosity

newscientist.com

* Flows become turbulent when Re is greater than a
couple of thousands

Re =~ very large

» Grid based methods typically scale with Re3%/4



MPS algorithm for evolving a 2D fluid flow in time ()S

« We illustrate this by considering a simple Euler step to move forward in time by At.

e For this we minimize the cost function

= 2 _'—>*2 v v —>'_—>_ w2
OW*) = u|lv-v*|° + + (v-V)v —vVv

At

« We use eighth-order central finite difference stencils and represent the Laplace operator as an MPO.

« We write out explicitly v = u,€; + u,e, and v* = uje; + uye, and write the components as bold vectors on the
grid, e.g. u; = {u,(ry),u,(r7) --- } and rewrite the cost function as

2 ; 2
. Auf\ " Auj (uf)luf (ud)t [ —u; Auy; Ay
@(V)__Z{ (AxJ Aarg}_i_z{ e T A A T “iAz, VA

1=1

i
2
—u, Au, Azui u;
( +2{“3ij " Ae? }) E}+

« The terms in [---] are constant and thus irrelevant for the optimization, a step scales like O(Nx*) or O(x*logL).

)




CFD Examples — Jet Formation
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N. Gourianov, et al., Nature Computational Science 2, 30 (2022).



CFD Examples — Jet Formation
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N. Gourianov, et al., Nature Computational Science 2, 30 (2022).




Example: Magnus Effect




Body fitted coordinates — flow around a cylinder Qﬂ)

Generate a body-fitted mesh from a one-dimensional boundary point distribution for convex objects.

Transform cartesian differential operators into curvilinear matrix product operators, using a given set of grid coordinates.

Compute key flow characteristics, such as aerodynamic lift and drag coefficients and use to benchmark computations




Body fitted coordinates — flow around a cylinder

 Lift coefficient C;
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Body fitted coordinates — Magnus effect

Nis-Luca van Huelst et al., arXiv:2507.05222 (2025)

—3.50 - -
0 50 100
Time t
Tangental velocity U; = aU_c

Discretization y CL St
abs % abs %
241 x 241 — 2.4881 - 0.1655 -

258 x 256 40 2.4914 0.13 0.1662 0.40
258 x 256 50 2.4899 0.07 0.1663 0.48
258 x 256 60 2.4904 0.09 0.1663 0.47




Example: Combustive Flow




Probability density function (PDF) for turbulent flows

The flow is studied in terms of a PDF
f = f(u;§01;"';x; t)
across space x and time t.

The quantites u, ¢, are sample space variables of
the velocity field and e.g. mass fraction.

Here, for simplicity we consider a fixed velocity
field that is set to be a jet flow combined with a
Taylor-Green vortex.

For a two species flow we then write
f = f((plr P2; X, t)

The mean mass fraction is then given by

(P )(x, t) = j Oof (@1, 925 x,t)d@,d@,

Deriving the equation governing f requires sub-
grid scale SGS closure modelling.

We use the Smagorinsky closure
e oU: . 0U; 2
— _t . i J
vsGs = C; 2 \/Zl.] (axj- i 0x; )

Here C, is an empirical constant and Al the LES
filter width.

Scalar mixing from SGS turbulence and is
modeled by the least-mean-square estimation
closure giving

_ Y+YSGS
Qnix = Co —a
¢



Fokker-Planck equation

of af 0 off o | P
ot T <UI> 6x; 8)(:' ()/ * ySGS)aXJ - a(pﬂ' [lex ((’D(T <(D(Y>) f] 6900, (S(Yf)
Here we have
51 =5, == Cro10,

where C_r denotes the reaction rate that defines the Damkohler number

Da = Crlo/uO

where [, and u, are the typical length and velocity scales.




LES Simulation — stochastic closure Q0D

LES-FDF simulation

(@) {Dy)
[ ]

A+B =22Pin3D

L i - Grid size: 128°

; « Shown is the dynamical evolution of
- the joint PDF of two reactants as a
: function of time

I
flp1, 92; %, t)

» Tensor networks enable the calculation
_ of turbulence probability distributions,
5 Nikita Gourianov, Peyman Givi, Dieter
Jaksch, and Stephen B. Pope, Sci.
T — = Adv. 11, eads5990 (2025)
o




LES Simulation — stochastic closure QE[)
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Tensor networks enable the calculation of turbulence probability distributions, N. Gourianov, P. Givi, D. Jaksch, and S.B. Pope, Sci. Adv. 11, eads5990 (2025)



Final probabillity distributions on the centre Qﬂ)

Da=0 Da=05 Da=1 Da=1.5

90

10 simulation(t/T0 = 2) are
shown here in the centre of the
spatial domain

j\ The PDFs at the end of the

x/10 = (12,12,12)

n

f(p1, @2; X, t)

|

Q ] 0.1 for all combinations of Cq, Da.
2 The PDFs are computed using
x = 128 MPS simulations.

’ o L <0.01
[ [ [ I I‘ [ Iq I
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Example: Rayleigh-Benard




The Oberbeck-Boussinesq equations

The equations governing the convection
Opu; + uj0ju; = —0;p + vo7u; + Bg 6136,

0.0 + u;0;0 = k070,

v is the viscosity, f( is the thermal expansion
coefficient, g the gravitational constant, and k the
thermal diffusivity; all of them are independent of
position x, time t and temperature.

u(x, t) is the velocity field, 8(x, t) the temperature
relative to some reference temperature and p(x, t)
the kinematic pressure.
The equations are augmented by

aju] = ()
We use a Chorin projection for consistently
updating pressure and velocity fields

QU

The boundary conditions are given by

e u =0 at all walls

e 0 (z = ig) = $§ at the top and bottom walls
* 0,0 = 0,0 = 0 at the side walls
(no heat flow through the side walls)

The aspect ratio of the box width W to height L is
denoted by I' = W/L.

The dimensionless control parameters are
BgL3A
KV

« Rayleigh number Ra =

« Prantl number Pr = %

Choosing a suitable typical speed U we also
define the Reynolds number

U
vL~1

Re =



System response

* The most important system response is the Nusselt

number 0.045£ e
- ¥ Johnston & Doering (2009)
*x oo Present dat
Nu = H _ <uZH>A’t — K@Z(H)A’t f 0.035 - -).K-*d*;‘* resent data
AALTT kAL™1 & I *
~— *¥ o
z "o
_ 0.025 .
« Here H is the heat flux from top to bottom and 1 = ¢, pk e nn
- A EE e s - -'--—
is the thermal conductivity. 0015 | | y | |
T 10” 10" 10" 10" 10" 10"

Ra

* ()4 denotes averaging over (any) horizontal plane
dt FIG. 1. Nu(Ra) plot compensated by Ra’3>. The data agree well
an Ime. with the previous results in the low-Ra regime [39]. The flow
structures of the three colored data points (blue for Ra = 10'!,

. : . : green for Ra = 10'3, and gray for Ra = 10'#) are displayed in
The main question is how far we get with the MPS Fig. 2.

code and what bond dimension y is needed.

These results were obtained in 2D with I' = 2 and
Pr = 1 using a second-order finite-difference code



MPS solutions Oberbeck-Boussinesq equations

Rayleigch-Bénard at Ra = 10”




Nusselt number for Ra = 108
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Nis-Luca van Huelst et al., in preparation)
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