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rT=—+—+...+ —; o1,...,0r € {0,1}

f(x) == f(o1,...,00)= f(FT+F +...+3F)
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Large scale « » Small scale
Example: exponential

exp(az) = expla(§h+F + 5+ + 5]

— exp (21-:::—1) exp (22 r,r;g) exp (%%) X ... X exp (fgnﬁ)

x = 1 for exponential exp(ax)
x = n for superposition .1 ; b; exp(a;x)
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2-site tensor cross interpolation
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Oseledets, SIAM J Sci Comput 2011; Oseledets, Tyrtyshnikov, Lin Alg Appl 2011
Nufiez Fernandez, Jeannin, Dumitrescu, Kloss, Kaye, Parcollet, Waintal, PRX 2022
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Nufiez Fernandez, Ritter, Jeannin, Li, Kloss, Louvet, Terasaki, Parcollet, von Delft, Shinaoka, Waintal: SciPost Phys. 18 (2025)

Full tensor:  F(oq,09,...,0L)
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Evaluating the error
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Nufiez Fernandez, Ritter, Jeannin, Li, Kloss, Louvet, Terasaki, Parcollet, von Delft, Shinaoka, Waintal: SciPost Phys. 18 (2025)
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2-site TCl algorithms

Nufiez Fernandez, Ritter, Jeannin, Li, Kloss, Louvet, Terasaki, Parcollet, von Delft, Shinaoka, Waintal: SciPost Phys. 18 (2025)
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‘ Sweep: £+ /=+1 ‘

Ip—y Jigo
o ‘+ . +‘ P
T oroe T 00 Opin
0—1 Jo42

Local update  y
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O¢ O0p41 O¢ Op+1
Local update options Oild / TCI1 New / TCI2 (Recommended default)
Factorization Cl prrLU
Accumulate Reset

Pivot updates : : :
P ¥ sweeps adding 1 pivot each Nsweep SWeeps adding/removing < y pivots each

Pivot search Full 0(d?x?) Block rook 0 (dx?)
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Partial rank-revealing LU
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Nufiez Fernandez, Ritter, Jeannin, Li, Kloss, Louvet, Terasaki, Parcollet, von Delft, Shinaoka, Waintal: SciPost Phys. 18 (2025)

AN g

\_Y_l
. . . . X
Gaussian elimination
1. Find new pivot 2. Swap rows & columns 3. Elimination

4. Iterate until next pivot < tolerance, or ¥ = Ymax
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Nufiez Fernandez, Ritter, Jeannin, Li, Kloss, Louvet, Terasaki, Parcollet, von Delft, Shinaoka, Waintal: SciPost Phys. 18 (2025)
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How to find good pivots

Nufiez Fernandez, Ritter, Jeannin, Li, Kloss, Louvet, Terasaki, Parcollet, von Delft, Shinaoka, Waintal: SciPost Phys. 18 (2025)
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What is a good pivot? Algorithms
0000000000000 cee Full search O(mn)
N . coce cee (ooo>—1 (--o--uuuu> 1. Generate [A/P]
A— A = |e00000000000e| _ |e00 :23 :::::::2::8:: .
secccccssetes seo 2. Look for maximum
’ e e Rook search O(max(m,n)
= A—CP7 IR ( )
7\
= [A/P] (Schur complement)
X <
* Intuitively: I - >
Eliminate maximum error max(|A — /TD
* Maxvol principle: v

A is quasi-optimal if |det P| is maximal

Goreinov, Tyrtyshnikov: Dokl. Math. (2011) Block rook search O(X max(m, Tl) /X)

Get column matrix C

Update pivots with full search
Get row matrix R

Update pivots with full search
Iterate 1 — 4 to convergence

ko e
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2-site TCl algorithms
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Cl-canonical form ’

Nufiez Fernandez, Ritter, Jeannin, Li, Kloss, Louvet, Terasaki, Parcollet, von Delft, Shinaoka, Waintal: SciPost Phys. 18 (2025)

Uses Cl-canonicalization ¢—¢—9—9 = remesen
* Interpolation property o1 02 03 04 01 09 O3 04
* Pivot .inforrnation 1. Forward sweep: Generate I sets
* Re-using pivots 7
1

Obtaining Cl-canonical TT Jl_ o1
* Tensor Cross Interpolation 14 I I I

(2-site, 1-site, O-site) "m0 ) 50— =) o0

01 02 01 02 01 02

* Cl-canonicalization
e Global pivots :

- 117[27"'7IL
2. Backward sweep: Generate .J sets

- J17J27"'7<]L

3. Forward sweep: Restore full nesting




Stabilizing convergence

Reachable by local updates
f(o),o€{l,..,10}°

DY

1,1,1,1,1

[8,3,5,1,1],[1,2, 1,1, 2]

Adding global pivots

Example: add [1, 2, 3, 4, 5] >
T,

Add to I, [1] [1, 2]

Pp=F(pJp41)
= F(y-1,00]p+1)

[1, 2, 3]

4, 5]

[1I 2) 3' 4]

[5]
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Example
f:{0,1}°> > {0, 1}
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! - TCI Wlth global pivot /
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Automatic search

1. Generate random o
2. Global rook search for maximum f (o)

3. Add o asglobal pivot
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C++/Python

Cla

Yuriel NUnez Fernandez, Xavier Waintal

ProjMPS.jl
Adaptive patching

olynomialQTT.jl
Quantics [Lindsey 2024]
QuanticsTC.jl
Convenient interface
Tensor Trains
QuanticsGrids.jl

guantics indices

{

Conversions to/from ——

TensorCrossinterpolation.jl
TCl, rank-revealing LU

QuanticsTransforms.jl
Quantics Fourier Transform,
affine transforms

TensorTrains.jl
TT & TT contractions

ParallelTCl.jl
Parallel TCI

v
MPI

A

Gianluca Grosso °

ParallelTensorTrains.jl
Parallel contractions

Speedup

N - ]

Simone Fodera

d I 4 d
¢ d d
[~ L]
> X XN X
== = ] d d
d @ H 4

r4

procs.
d
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Quantics Fourier transform
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Dolgov, Khoromskij, Savostyanov: J Fourier Analysis Appl (2012)
Chen, Stoudenmire, White: PRX Quantum (2023)
Chen, Lindsey: arxiv:2404.03192

. n O'R
P 211 _ _ R—p—p1
Sexp\ Ty fx) =exp{ —im ), 2 ) = 0000
=

Quantum Fourier Transform Has Small Entanglement

Jielun Chen (Ff##{¢)® 2" E.M. Stoudenmire®,* and Steven R. White®' 10°
lDepartment of Physics and Astronomy, University of California, Irvine, California 92697-4575, USA g
2DepIarrl‘n’:eilfzt of Physics, California Institute of Technology, Pasadena, California 91125, USA 107" i
} Center for Computational Quantum Physics, Flatiron Institute, 162 Fifth Avenue, New York,
New York 10010, USA 1074 -
=
™ (Received 2 January 2023; accepted 25 September 2023; published 27 October 2023) “_‘_:-" 10"
o Analytical
Direct interpolative construction of the discrete Fourier = 108 |
irect 1nterpolative construction ot the discrete Fourler r bound:
transform as a matrix product operator | .
= 4070 4 - numerical
. 1 ' . 2
Jielun Chen*, Michael Lindsey o accura Cy
! Department of Physics, California Institute of Technology, Pasadena, CA 91125 USA 1 D_ = | .
2 Department of Mathematics, University of California, Berkeley, CA 94720 USA Wlth X == 20
10- 14
April 5, 2024
In practice: numerical
.:h. [{ =54

accuracy with y = 14
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10.10 = 2
Disorder-averaged 0051 , , , , , 0~ - -
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_ 12 2 _
. 00| ] 0
. Self-consistency | : ! 5
FT iteration FT ~ 2
T -0.2 T -0.05 A g
1 T %
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wv+u-— Z(lV) 0.4 - -0.10 < 100+

0 5000 10000 0 5000 10000 heration
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Project: QTT parquet equation solver

Rohshap, Ritter, Shinaoka, von Delft, Wallerberger, Kauch, PRR 2025

Parquet equations

- x + + +ﬁ + E: L Stefan Hiroshi Jan Markus

Rohshap Shinaoka von Delft ~ Wallerberger

Bethe—Salpeter equations

- .

_ R ﬂ _ ~ ZP(J/, v,w)Xxo(7,v,w)" (v, V', w)
:Ef= ' J v - L, w; v, 0)xo(v, w; v, o)1 (0,050, 0')| |, _
Schwinger—Dyson equation U1 0;1 Vo  ws ... VR W
A S S D G S
= X + T T 1 T 1
1 w1 U9 W ... Vr WR
Yo ,% ) U G G %)
_ I I I T I . Runtime: O(x*L)
vVy w1 Vo W2 ... VRrp WR ,
Samuel Badr — Poster: T/ %; # + + + + %;. Memory: O(x*L)
- BSE with momentum dependence v oWy v wh L vy W




Project: QTT parquet equation solver

Rohshap, Ritter, Shinaoka, von Delft, Wallerberger, Kauch, PRR 2025

Parquet equations

= )(+H+j.__(+1( E:

Bethe—Salpeter equations
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Hubbard atom
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Exact data:
Thunstrom, Gunnarsson,
Ciuchi, Rohringer, PRB 2018
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Project: QTT parquet equation solver

Rohshap, Ritter, Shinaoka, von Delft, Wallerberger, Kauch, PRR 2025

Parquet equations
= 2 + H+J.__E+:l( +%

Bethe—Salpeter equations

approx.

Schwinger—Dyson equation

= X +

-0.6!
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Reference data:
Krien, Kauch, EPJ B 2022

f=13 0, =N

Single-impurity Anderson model

reference
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R Frankenbach, Ritter, Pelz, Ritz, von Delft, Ge: arxiv:2506.13359

QTT-DIA

Local vertex from DMFT as input
— Poster Markus Frankenbach
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Summary ;

QTT-Parquet

reference B=13 0 _ =M

Fourier transform

Cuantics Fourier transform, & =20

L»ﬂ—r ~ #ﬂ-,

prrLU ROOk prOtIng I:m‘.l 10 150 -il:.l.'l 10 20 ?I:H- d:'.l ':I'.IE-I.'I :lH

max .r - J;um

[1AT ..

o iterntion
o7 i)
1 1 0.0 0.00
|| Polynomial QTT.jl T 0.2 1 T -0.05 -
i [Lindsey 2024] <] ]
Quantics ProjMPS. = =
Adaptive patchin d ]
QuanticsTal.jl pavep g -0.4 -0.10
Convenient interface
T T T T T T
. . . Tensor Trains 1] 5000 10000 o 5000 10000
Cl-canonicalization S ol |
. TensorCrossinterpolation.jl ParallelTCLjl
Co::::i::?;gi/czgm TCI, rank-revealing LU Parallel TCI

Pt = renerey A | v

O']_ 0—2 03 0-4 O—]_ 0-2 0—3 04 QuanticsTransforms jl
Quantics Fourier Transform, ) TensorTrains.jl E ParallelTensorTrains.jl
affine transforms TT & TT contractions Parallel contractions
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Interpolation property

? a
T, = F(Ip_1,00,Jo41) 7 P T Pyt T P T
Iop—q Jo+1
?
Iyp_q - Joi1 — - Tﬂ—:—l'l-_’—f—’—'l—’—'l—’—'l
of, L gy J — g, J
Ip_q Jo1
Tails
T+b (CrlJl Pl_l)b — (F(O-la J2) [F(Ila J2)]_1)b — 501;11(13)
01 nesting condition
a-me—b (Té” P[l)a;b — (F([e_h ov, Jex1) [F (1, Je+1)]_1)a;b — 51£_1(a),gg;1e(b) if Ip_1(a)® o, €l
9B ¢ o — 1o -1 o -1
| | b <T11P1 T22P2 ...TEEPE >b
o1 02

= 001050014 (b) if nesting condition
holds for all substrings gy

Nesting conditions — interpolation property

mritter @flatironinstitute.org

24

oL
L T?



Haldane Model

Ritter, Nufiez Fernandez, Wallerberger, von Delft, Shinaoka, Waintal, PRL 2024 A

3

=1

with Pauli matrices 7'

2[7‘1 cos(k - a;) + 7% sin(k - a;)]

+ 73 [m — 2to Z sin(k - b;)!

i=1
2,3

k
Berry flux 1
F(k) = —iarg H (W(kj)|¥(kjt1)) ki ko
JEZLy
- 0
. (a) 10 (b)
107 ~
< 01— !
i s FQTT
o 4 10 —
8m=—10"°
, . 10—12 T T T T T
- o2 27 27
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Superfast Fourier transforms

PAS

n o
211 r—p 1 OR 01 OR
. —P—r
F=exp(——~ kx| =exp| —imr ) 280, | # N M
£0'=1
TR 11 TR T1
Quantum Fourier Transform Has Small Entanglement ) _
; Quantics Fourier transform, £ =20
Jielun Chen (Pf$#{2)®,">" E.M. Stoudenmire®* and Steven R. White®' 10 =
lDepartment of Physics and Astronomy, University of California, Irvine, California 92697-4575, USA 2
2Depart‘mem of Physics, California Institute of Technology, Pasadena, California 91125, USA 107 7
* Center Jfor Computational Quantum Physics, Flativon Institute, 162 Fifth Avenue, New York,
New York 10010, USA B [ Rl
=
™  (Received 2 January 2023; accepted 25 September 2023; published 27 October 2023) r-u..E‘_. ’ D-U
o, Proven:
. ' . . . . e, -B
Direct interpolative constru(‘ztlon of the discrete Fourier " 10 numerical
transform as a matrix product operator =
B g1 - accuracy
. 1 e . 2 .
Jielun Chen*, Michael Lindsey Wlth X — 20
! Department of Physics, California Institute of Technology, Pasadena, CA 91125 USA 1 D_ 2 -
2 Department of Mathematics, University of California, Berkeley, CA 94720 USA '
1 D- i L] I - T T
April 5, 2024 ;
P 5 10 . 15 20

¥ mace “In practice: numerical
accuracy with y = 14
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Matrix Cross Interpolation
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J. Schneider, Journal of Approximation Theory 162, 1685 (2010).
S.A. Goreinovand E. E. Tyrtyshnikov, Dokl. Math. 83, 374 (2011).

(200s00ss0see?) /sgz\ (2?:)1‘1(::2:::?;:::::) }D
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—~—
D

* Onlyslightly (O(Dz)) less efficient than singular value decomposition.
* Interpolation: Exact representation of pivot rows & columns.
 Example: photo, original size 2048x2048 pixels
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Sweeping algorithm

PAS

Oseledets, SIAM J Sci Comput 2011; Oseledets, Tyrtyshnikov, Lin Alg Appl 2011,
Nufiez Fernandez Jeannin, Dumitrescu, Kloss, Kaye, Parcollet, Waintal, PRX 2022
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0000000000000 | O |00OO@ [ JoX ) 0000000 000CO0COC®
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Matrix Cross Interpolation :

29

Schneider, J Approx Th 2010; Goreinov & Tyrtyshnikov, Dokl Math 2011

(e2g20seseces?) /egz\ (2?5)1‘1(::2:::?;:::::)}
e e
seeceecenesee)  oeg,
—~—
X

« Onlyslightly (O(D?)) less efficient than singular value decomposition.
* Interpolation: Exact representation of pivot rows & columns.
 Example: photo, original size 2048x2048 pixels

EiEs &
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L(D)U factorization

30

\_Y_l
X
Gaussian elimination
1. Find new pivot 2. Swap rows & columns 3. Elimination

4. Iterate until next pivot < tolerance, or ¥ = ¥max



How to find good pivots
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What is a good pivot? Algorithms
000000OCOOOOOO cee Fu,lsearCh O(mn)
s . coce ces (ooo>—1 (-oo--uuuu> 1. Generate [A/P]
A— A = |e00000000000e| _ |e00 :23 :::::::2::;:: .
secccccssetes seo 2. Look for maximum
’ e e Rook search O(max(m,n)
= A—CP7'R ( - :
= [A/P] (Schur complement)
X <
* Intuitively: D - >
Eliminate maximum error max(|A — /TD
e Maxvol principle: v

A is quasi-optimal if |det P| is maximal

Goreinov and Tyrtyshnikov, Dokl. Math. 2011 Block rook search O(X maX(m’ Tl) /X)

Get column matrix C

Update pivots with full search
Get row matrix R

Update pivots with full search
Iterate 1 — 4 to convergence

ko e




Cl and LU factorization are equivalent ™™™
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Al 1 1 Al 1 A12 L 11
CI prrLU
An Al A ~ ~ D Un Uiz

Agl A21 A22 L21

A | = | Ly D Un A2 | = | Loy D Un Ao = | Ly D Uiz
________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________ T —
A 1 | L1 —1 1 Ay A Aro
An | = Ly | = —1
A L
21 21 = Ul 1 Ul 1 U]_2 - :ﬂ.
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Haldane, PRL 1988

3 3
H(k) = Z[Tl COS(k . ai) + ’7'2 Sin(k . az)] + ,7_3[m . 2t2 Z Siﬂ(k . bz)} with Pauli matrices 7_1,2,3
=1 i=1
Lattice 205 Band structure

At m = :|:3\/§'t2:

* Diracpointsat k- = F

478/3>

(& symmetry-related)

e Topological phase transition
between trivial insulator
and Chern insulator

Images: Akhmerov, Sau, van Heck, Ruppert, Skolasirski, Nijholt, Muhammad, and Rosdahl,
https://topocondmat.org/w4 haldane/haldane_model.html.

Dirac point Dirac point
Topological at ki atk_

phases

trivial Chern insulator trivial

—3V/3 +3v/3 m/ta



https://topocondmat.org/w4_haldane/haldane_model.html
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Ritter, Nufiez Fernandez, Wallerberger, von Delft, Shinaoka, Waintal: PRL 132 (2024)

) . 103
Green’s function 5512 (o)
G(k,iwg) =T L 102
(k,iwp) = rlin—H(k)Jr,u,] N 0!
» Structures of width wg = 7/ 0 R=\10 20T, 30
100 ] ] r- T
log1o |GorT| log, |rel. error 0 4 60
10°
.&? §
E 10°
10"

10! 3 104
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-of-sample
in-sample
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integral
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1d oscillating funct

Example
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Green’s Function
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loglo ‘GQTCI| 1Og10 |Gre1. error|

T ]> (aj

2 ko 2m
L V3 V3
5 10 N SVD ()
£ 10709 RSNl
[¢D) SR
. 107 - R:lof"?,\\\\‘.\
g 10-8 4 B=16 64 512
I I I I
25 Dmax 100
1 3
02 B =512 (e)
. 10
Q
10* \
» 1/R=\1020T%30
10 | | I‘ I

0 1 60
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Berry Flux

37
107 A
< 0 © - £
i e /FQTCI
R=20 (o) 10
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3 10° A
S 107 %+
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QT T-Parquet

 GW)

F(Vl, Vy, V3, V4_) (o} f.']l.'mlr.ml transformation

I I ) I - I : : .- TR I"| I"i —'| (£ -l-'_|!
- & = L o = o [ |
fullywredumble vertex Schwinger-Dyson equation r," 'II

(b) Bethe-Salpeter equation

4—@— = ? + R Vo w e W
Bethe- [ | | ] | [ | o o o o a

Salpeter =+ 1. + 1.
equations selfenergy By Wy My kb Wi oWl e wh W

Parquet equation b s b .4 4868 @

MW M owh Wi Vowl oy owh ul
= M+ H + Lol + ﬂ + 5 @
R I"'l -\.-\.'l [ b -\.'.-'“-
Schwinger- i} ¥ SR L T ™ I
equation equation wooa AT A A -

Bethe-Salpeter equations & 3.
W o g My Wy W
—— TR S TR S
irreducible vertex, _ i
N Udl
ﬂ — T T TR T
j E —_— = TN N S N S
uy’w _ l/l’/,w rviw 1/11’/2&) Vol W
d/m ~— T d/m 62 Zyluz Fd/m 0,ph Fd/m
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