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Twisted angle bilayer graphene

Plain graphene



Background: moiré materials in labs

Twisted angle bilayer graphene: Twisted angle bilayer WS,: Twisted angle bilayer MoTe,:

Graphite

Photocurrent (experiment) (10 a)
; by 3
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unconventional superconductivity moiré exciton fractional Chern insulator
Cao 'Y, Fatemi V, Fang S, et al. Unconventional superconductivity in magic-angle graphene superlattices[J]. Nature, 2018, 556(7699): 43-50.
A' Li H, Xiang Z, Naik M H, et al. Imaging moiré excited states with photocurrent tunnelling microscopy[J]. Nature materials, 2024, 23(5): 633-638.
]

Cai J, Anderson E, Wang C, et al. Signatures of fractional quantum anomalous Hall states in twisted MoTe2[J]. Nature, 2023, 622(7981): 63-68. 4



Background: tight-binding Hamiltonian

For a 1D fermionic system:
/_\ <—U——>
o0 0 0 00606060 00 °¢

interaction

Tight-binding Hamiltonian:

H = Zt(cic;r- + h.c.) + Z n; + Z Unin;
i, i )] ;

n; = cC;C;
A matrix depending on the size of unit cell

Al



size of a unit cell for moiré

Background
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Twisted angle bilayer graphene
>10000 atoms in a moiré unit cell

Plain graphene
2 atoms in a unit cell
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Motivation: super-moiré materials

_-AYAYAYA -
PPN NN
RINININISN NN NS
o VaVaVaVaVaVaVaV,)
IaY . aVaYaVaAYaAVAY,

AY AVAYA "AYAVAVAVAYLAY),
Ya V‘V"d FaVaVAVAV LV AN
Wa T taAVAVATYAYAV,Y,
"a’AYAYAVAVAVAVAV,LY,
TaYAVAVAYAVAYAY,LY)
VAVAVAVAVLAV LY
RN /\/\/\ 2od

Atomic lattice Moire (super-lattice) Super-moiré (ultra-lattice)

2 or even more >(10000)? atoms
moiré coexist In a unit cell

Hamiltonian with size of 108X 108 |



The idea of tensor network

— The state: 077
8 o I % |
L 2L
(.) M/ Mz—""—ML
* * + * * * - Matrix Product State (MPS)
— The Hamiltonian:
An L-site spin-1/2 chain 8 e 85 S \p: SL
oo o1 --- 0
0000 . of 2" M, M2_°“'_ML
4B = o
l_0 000 - {1_r Si' APy Sy
— éL Matrix Product Operator (MPO)

with bond dimension y



A tensor network representation for tight-binding system

normal tight-binding basis: o 66 0 6 6 6 6 6

8-site spinless fermionic chain

pseudo-spin (quantics) basis: [T11) [T11) [T41) [TH) L1 L) (1) D

i I B

L-site MPS: (M, M, M,

Al Can we achieve this compression?
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The general formalism of tensorizing
tight-binding system



The trivial single electron Hamiltonian oL

1/
_

1D nearest-neighbor (NN) hopping with 8 (1) (1) 8 ?
fermionic basis: 0 0 0 1 0
. _ oL
0000 o 0
h.c.) C e
X 2 X & R |
0 0 0 0 --- 0] _
1D NN hopping with pseudo- equivalent
spin basis:
S]] E|
- o ]
of = Lo, £ ioy)

Al | But what if it is non-trivial?
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Quantics tensor cross interpolation (QTCI) algorithm

Assume one has a function f(x) with 2- x

Fo = f(x(0))= “—T—7T1T T T T T T T T T T

01 g9 “ .. o ce or
binary expression of x Quantics representation
Tensor cross interpolation:
| f . 1 My X1 jl{Q o l\,{g Xe M, 1
1 T T Tag a; T ap T T a T I ar
o102 "~ Oy """ Or g1 a2 ay or
original function matrix product state approximation

L
H Mt = [My)} [M3)32, - [ M)

a1a?9 ar—11

The QTCI algorithm

Al Nufiez Fernandez Y, Ritter M K, Jeannin M, et al. Learning tensor networks with tensor cross interpolation: new algorithms and libraries[J]. SciPost Physics, 2025, 18(3): 104. 12



Why we use it?

F N 1]\’[1 X1 ]}/{2 X2 N A,{E X/¢ _ Afﬁl
S T llmmal‘l’az‘l’ T a T —=

ac
0'10'2 . s . O-E . s O-E O’l 0'2 PR O'E s s ® o'ﬁ

matrix cross interpolation
-, ., -I . - .,

Apyr = ==~ 3L o—=?

— — ?

I J 1 J I J

(388) 7 (sassssaaaiiey)

o000 0O
approximation of the only explicitly evaluate
whole matrix few values

..O..........\
&) @ ®
& @ @

A N NN NN Nol N N N N J
[ ® @

L X N KN NN N NN Nol N
@ @ &)

LN Ne
| JoX
Cee
cee
o0e®
o000

Q
00000 OQO0
ccecsse

Al Nufiez Fernandez Y, Ritter M K, Jeannin M, et al. Learning tensor networks with tensor cross interpolation: new algorithms and libraries[J]. SciPost Physics, 2025, 18(3): 104. 13



Spatially varying NN term as tensor network

Y Eai)(cicl, D+ hec.)

i
now amplitude as function of x

Step 1: Acquire the MPS form of t(x):

QTCI

t(z;)

t(xq) 0
0  t(xs)
0 0
0 0
0 0
o B
M, —M,

0

LI




Spatially varying NN term as tensor network

Step 2: Get the diagonal MPO based on the MPS

S]] L

M,/ M, M,
—t(:z;'l)_
t(.’L'Q)
t(x3)
_I‘(;’EQL)

Adding extra indices

force s,=s;

] g
MM —M,
SI’I Sz,l SLfl
t(zy) 0 0 0 0
0 t(x2) 0 0 .- 0
0 0 t(xzz) O 0
0 0 0 t(xor_1) 0
0 0 0 0 t(xaL )

15



Spatially varying NN term as tensor network
Step 3: Cast the values to the proper position

/ \ ﬁ %2 SL\
S,l S2| SL| M, M,f— - M,
M, M,——M, ,

-~

I ¥
X *

[0 1 0 0 --- O]
[t(x1) 0 0 0 0 ] il .
-
0 taxa) O 0 0 e RS o
0 0 tlzs) O 0 0000 . 0
: : : e, Z Z e 5 5 g : 1
0 0 0 - @) 0 0000 --- 0
0 0 ) 0 t(zor) - ;

\_\ J \ ;(UT QOm>1 Oy /




Spatially varying on-site potential

A spatially varying potential term:

Z U n(x;) being the particle density

n(z;) QTC S| S5, S diagonal MPO
Z M,/ M, M,

/31 S, St A

Ul (MM, M,

N R,

MPO for the on-site potential

Ay S SL
M] M2 ML
5 S5 Sy
Same trick for U(x;)!



2D tight-binding systems
x (X)) Xy t(X3) Same trick for:
.[—) /NN
Folding of 2D systems: y ¢

t(X,) t(X;) t(X5) (X)) t(X,) t(X;)

as 1D chain: w ..........




Intra- and inter-chain hoppings

—

1. Intra-chain hopping:

t(X,) t(X,y) t(X;) t(X;) t(X,) (X
t(X,) t(X,) t(X;) (X)) t(X,) t(X5) NN hopping with breaks

Ie'e e Wa's s Yl

W 2. Inter-chain hopping:
(Y1) NN

t(Y1)

Long-range hopping, hard to
_ build?




The shifting operator

s N (o s 2\
Ay S, AYS M, M,— - M,
| ' s/

MM, M, sl s
. B | |
I I 0 1 0 0 07 -
0010 0
tz1) 0O 0 0 0 00 0 1 0
0 t(z2) 0 0 0
0 0 t(zz) O s 0 000 0 0
: : A o i
0 0 t(ze_y) 0 000 -~ 0
0 0 0 0 t(xar))

“\ / \ ;(UT Qm>l O /

The shifting operator

one line up




The exponential shifting operators

TR TR TR 1 T

MM | (MMM, MMM,
S1.| SZ’l SL,l S1,| S2,| SL'l SI' S2' SL!
0 1. 0 0 --- O] [0 1 0 0 --- 0] 0 1 0 0 --- 0
o 010 --- 0 0 01 0 -~ 0 0O 0 1 0 --- 0
o 001 --- 0 0 0 0 d e 0 00 0 1 --- 0 mEEmERREER
0 O iy Tw @ 0 0 D " O 0000 - 0
T PR oE B TRl B 5P %, 9
0 0 0 @ s 0 O 0P s D ) 0 0

o | 0000 1
Z(U?_ Rm>1 O-;L k Z(U?_ Qm>1 0';1 / \& Z(O'l—i_ Qm>I O-n_’z, //

Shift elements one line up  Shift elements two lines up Shift elements four lines up

Easy realization of exponentially long ranging hopping operators

Al .



What about the interaction term?

) Y,
O 0 0 0 06 0 06 06060 0 0
interaction

%9 () ]

VTN
?

Al
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Workflow of the mean-field algorithm



General idea of mean-field treatment

The Hamiltonian: H=Hy+ Hy = ZtQQCLCB -+ Z VQQCLCQCTBCQ

af3 af3

single-body term two-body term
Mean-field approximation: Zaﬁ Vagp (CLCQ>CTBCB T e = Zaﬁ XQBCL%

single-body term

Mean-field Hamiltonian: ~ HM* = Z(tag + Xap)chcs = Z H(%FCLCQ
af af

Al ’



Iterations of mean-field calculation

The goal: To get HA/IF and CL C3

With initial guess of Xap
build

The mean-field calculation: /\

B = Z(taﬁ + Xaﬁ)czrxcﬁ — Z Hi/éFCLCB'

N~ e S

acquire

Continue till convergence

25



Model used in this research

Hubbard model: ~ H =) t(cl ,civ1.0+hc)+ ) Ulnip —1/2)(ni —1/2)
Mean-field Hamiltonian o= Z t(CI’TQH'T LB Z Ulnir = 1/2){nsy — 1/2))
for 2 spins: l L Xap
H =) t(c cpip+he)+ Y Uniy —1/2){(niy — 1/2))

With initial guesses \H| - ((n;,; —1/2)), H, —((ni,, —1/2)) H, — ((ni,y —1/2))
of

electron densities 1stloop 2nd loop converged loop
: Hy——((nir —1/2)) | 1Hr——((ni,r — 1/2)) Hy ——((nis — 1/2))

convergence check:

lelng (n)mi:v = U(”)new “+ (1 - U)<n)old ’<n>””.1_ - <n)old‘ < €



Kernel polynomial method (KPM)

Suppose f(x) is defined on (-1,1):

o0

1 ,
—— | mo+22 1, T,(x)
7T\1 — X n=1

flx) =

The KPM expansion

Chebyshev polynomials: Chebyshev moments:

1
T,.(x) = cos[n arccos(x)] o, = f Ax) T, (x)dx
3

A' Weile A, Wellein G, Alvermann A, et al. The kernel polynomial method[J]. Reviews of modern physics, 2006, 78(1): 275-306.
]



Application of KPM in the mean-field calculation

cos[n arccos(w)]

Local density of state (LDOS) at energy w and site i:

o0

To(Hymr) +2 ) | Tu(Hyp)Tn(w)

n=1

1
V1 — w?

Di(w) = (i|6(w — Har)|i) =

(il 2)

Electron density at site i:

o0

T(,(HMF) cos(ep) + 2 Z T (ﬁMp) sin(n ar(:(:os(ep))] |2)

R=1

(n;) = /_FF D;(w)dw (ni) =1-— %(ﬂ

Chebyshev polynomials of ?



Chebyshev polynomials of Hamiltonian MPOs

To(Hur) =1
The Chebyshev recursion relation: Ty (Hyr) = Hur

Tpir(Hyp) = 2Hy v Ty (Hyrp) — T 1 (Harr)

In our case: Ty(Hur) = H—*— 4* Identity MPO
Ty (Hur) = H—**A* Hamiltonian MPO

Easy realization with
contraction & summation

Al .

Ty(Hur) = 2(




Acquiration of electron density

Electron density at site i:

(n;) =1-— %(z| [TO(ﬁMF) arccos(ep) + % ZTn(ﬁMp)sin(n arccos(eF)):| %)
=1 — (i| A7)

n=1
- * * * *:The MPO “A”
With tensor networks:

I
: The state vector
(n;) = * * * * MPS for site i

Do we need to do it for all sites?
Al .




Acquiration of electron density with QTCI

(ni>=1—(i|A|z’):* * * * A function of !

TCI
) —

S HMFC

S‘,|

S2|

M,

SLl

M,

M,

Les

diagonal MPO

S S SL
M, M, M,
SI' S;v SL'

diagonal MPO for the
electron densities



Summarized workflow of tensor network mean-field calculation

Tensor Network

compression . |
Haﬁ > HQ;B —
D= 5 DU L sites
Tensor Network SCF' loop
ME | L L |
'o‘ H(x[)’ — l- T T tOﬂB +Xﬂéﬁ(l ) ‘\
“s I I | | ‘l'
A@Lxcﬁ) — HI- = 3 . ATy (] - I) .

32
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One-dimensional super-moiré system

oo —e

H = Zta 04+1c$ 54 SC:CQ s o h -
‘\ + ZU ( :l: TC:EQ % S 5) (Ca:a,icwmi — 5)

Al beyond 1 billion sites [(n)miz — (N)ota| < €  criteria as 103

34



Results for the one-dimensional super-moiré system

A super-moiré hopping term:

t(Xa) = to + t1 cos(k1 X)) + t2 cos(ke Xy )

Xa — za‘*_;:a—}—l
— 2% - 87
/’-cl—5\/§a,nd/~cg—229\/§

Results of LDOS
with/without interaction:

Time consumption:
~40000 seconds/11 hours
on a single core of CPU

The modulation:

(a) 14 (b) 1.4
onl.2 enl.3
= =
210 1.2
o o
= 08 = 1.

0.6L_Y 1
-5x10 0 5x10°

(c) 4

max

DOS

min
40 20 0 20 40
max
72
-io
()]
4 min
0 5x10 40 20 0 20 40
Site number Site number

v



The accuracy and efficiency benchmarking

With 10 rounds of mean-field

torati Comparison with exact diagonalization:
iterations:
1.4x10" " ¥
Fitting 4
1.2x10" ‘
10° / Z 10 °
o b .
= 8x10°} 3
//‘ = ' '\
6x10° A |
4x10°F 7 F 10 ~- 7
1000 10* 10° 1.0" 10" 10° 10’ 20 40 60 80 100
Size x

13.10.2025



Results for the super-moiré square quasi-crystal
A super-moiré 8-fold interaction term:  U(r;) = 8 + 0.5{3;_, cos(kin; - r;) + cos(kgni -1i)}

(a) min u(r) max (b) min U(r,) max
L ]
-16000 =

The interaction modulation: VY

The magnetization:

M| = |ny —ny|

37



Results for super-moiré graphene with 231 sites

. . . ij - Rij

(a) min t(rj) max (b)min t(ry) max (C) min t(rq) max (d)min t(rj) max
 — e — e — e —
0 : M > 0 5 3 E -
1 -u $ S 28350 322 . H i ! 8 ":_28350
The modulation: ¥ = mr i R
5: e 3
LHERHEE : 2 3 FAHEHEHE
56000 : : 28405 56000 TRRERRRHTRREH 28405
0 24000 49000 24550 24600 0 24000 49000 24550 24600
X X X X
(e) min |M max (f) min M. max (g) min %] | max (h) min IM max
0 RS TR 0 agas .
/_/-/: i R R 28350 SR S oEH 28350
L ¢ i 4 o . sisielals i B ;EE:-'
THE: R R :
The magnetization: v xu i HEE B v v 2w é y
™, $25 0434 . . . 3 sadase: <N
56000 \"\' i i 28405 56000 \‘\E FRBRAT R i28405
0 24000 49000 24550 24600 24000 49000 24550 24600
X X X X

Al Plain super-moire graphene With domain wall



Summary

1. We have developed a general formalism for exponentially compressing most
common 1D/2D tight-binding Hamiltonians into tensor network form using the
QTCI algorithm.

2. Based on this formalism, further utilizing KPM method we have developed a
general methodology for performing mean-field calculation for super-moiré
systems with over one billion sites (or even more).

3. Both the formalism and the mean-field methodology could be widely applied
in various fields, including superconductors, quasi-crystals, etc. (please check
the posters!)

Al
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The work

N /2 Search.
1V > cond-mat > arXiv:2503.04373

Condensed Matter > Strongly Correlated Electrons

[Submitted on 6 Mar 2025]
Self-consistent tensor network method for correlated super-moiré matter beyond one billion
sites

Yitao Sun, Marcel Niedermeier, Tiago V. C. Antéo, Adolfo O. Fumega, Jose L. Lado

Moiré and super-moiré materials provide exceptional platforms to engineer exotic correlated quantum matter. The vast number of sites required to model moiré systems
in real space remains a formidable challenge due to the immense computational resources required. Super-moiré materials push this requirement to the limit, where
millions or even billions of sites need to be considered, a requirement beyond the capabilities of conventional methods for interacting systems. Here, we establish a

methodology that allows solving correlated states in systems reaching a billion sites, that exploits tensor-network representations of real-space Hamiltonians and self-
consistent real-space mean-field equations. Our method combines a tensor-network kernel polynomial method with quantics tensor cross interpolation algorithm,
enabling us to solve exponentially large models, including those whose single particle Hamiltonian is too large to be stored explicitly. We demonstrate our methodology
with super-moiré systems featuring spatially modulated hoppings, many-body interactions and domain walls, showing that it allows access to self-consistent symmetry
broken states and spectral functions of real-space models reaching a billion sites. Our methodology provides a strategy to solve exceptionally large interacting
problems, providing a widely applicable strategy to compute correlated super-moiré quantum matter.
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